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Abstract—Fully developed combined free and forced laminar convection with upward flow in inclined
rectangular channels under the thermal boundary condition of axially uniform wall heat flux or constant
wall temperature gradient is studied by a numerical method using an improved formulation where
three independent physical parameters Pr, Re§, Ra* appear instead of four in the previous investigations
dealing with the inclined circular tubes. Numerical results for friction factor and Nusselt number are
presented for Pr =5 and aspect ratios y = 0-5, 1, 2. The new parameters are also used in correlating
the previous flow and heat-transfer results for inclined tubes. The inclination angle effect is found to
be most significant near the horizontal orientation and decreases as vertical direction is approached.
At higher Ra*, for example Ra* = 10* for y =1, Pr =5, the flow and heat-transfer results become
independent of Re} and the asymptotic behavior appears.

NOMENCLATURE

A, axial pressure gradient in fluid,
—(0P/0Z + p.gsina);

a, b, width and height of a rectangular channel,
respectively;

C, axial temperature gradient, 0T/0Z;

Cps specific heat at constant pressure;

D., hydraulic diameter;

f, friction factor, 27,,/(pW?), or a dummy
variable;

g, gravitational acceleration;

h, average heat-transfer coefficient;

k. thermal conductivity or kth outer iteration;

M, N, number of divisions in X and Y directions,
respectively;

Nu, Nusselt number, hD,/k;

n, dimensionless outward normal or nth .inner
iteration;

P, fluid pressure;

Pr, Prandtl number, v/x;
Ra, Rayleigh number, gBCD%/vk;

Ra*, modified Rayleigh number, Rasin o;

Raf¥, modified Rayleigh number for circular pipe
based on radius (gBCr*/vk)sina;

Rey, equivalent Reynolds number for Poiseuille
flow with axial pressure gradient 4 and
radius D,, AD2/4pv?;

Re}, modified Reynolds number, Reg cota;

Re},, modified Reynolds number for circular tube,
(Ar3/4pv*)cota;

T, local temperature;

U, V,W, velocity components in X, Y and Z

directions, respectively;

u, v, w, dimensionless velocity components;

X,Y,Z, rectangular coordinates;

X, 9 2, dimensionless coordinates, (X, Y, Z)/D,.

Greek symbols

a, inclination angle from horizontal direction;
B, coefficient of thermal expansion;
7 aspect ratio, a/b;
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&, &9, convergence criteria, equations (15) and (16);
0, dimensionless temperature difference,
(T,,~ T)/(Rex CD, Pr);
K, thermal diffusivity, k/pc,;
W viscosity;
v, kinematic viscosity, u/p;
&, vorticity, V4i;
P density;

1, shear stress at wall;
v, dimensionless stream function;
, iteration parameter, equation (14);
V2,  dimensionless Laplacian operator,
0%/0x? 4 02 /0y*.
Subscripts

b, bulk average;
i,j,  location ofa grid point in x and y directions;

0, pure forced convection;
w, value at wall.
Superscripts
k,n, kth outer iteration and nth inner iteration,

respectively;
-, average value.

1. INTRODUCTION

COMBINED free and forced laminar convection in both
vertical and horizontal circular tubes has been in-
vestigated theoretically and experimentally by many
investigators for various conditions in recent years. In
contrast, for the same problem in inclined tubes, a few
theoretical studies [1-3] and only one experimental
study [3] have been reported thus far in the literature.
It is noted that these studies are concerned only with
the case of fully developed velocity and temperature
fields under the thermal boundary condition of axially
uniform wall heat flux with peripherally uniform wall
temperature. It is apparent that the inclination angle
effect on the thermal convection has received relatively
less attention in spite of its importance in practical
applications such as flat plate solar collectors. Further-
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more, one notes that the theoretical study on combined
free and forced laminar convection in inclined rec-
tangular channels appears to be nonexistent except for
the limiting cases of vertical [4-6] and horizontal [7]
orientations.

The purpose of this paper is to present flow and
heat-transfer results for combined free and forced
laminar convection problem with an upward flow in
inclined rectangular channels under the axially uniform
wall heat flux with a peripherally uniform wall tem-
perature at any axial position for Pr =5 and aspect
ratios 0-5, 1, 2 by using an improved formulation.
With the present formulation, only three independent
parameters (Prandtl, modified Reynolds and Rayleigh
numbers) appear explicitly in the governing equations
for the fully developed combined free and forced con-
vection in inclined channels. However, because of the
introduction of modified Reynolds and Rayleigh num-
bers. the present formulation cannot recover the hori-
zontal case as a limiting orientation.

For theoretical analysis of the combined free and
forced convection in inclined tubes, the perturbation
method [ 1, 3] is known to be valid for small Rayleigh
number only and on the other hand the boundary layer
approximation [ 3] appears to be useful only for large
Rayleigh number regime. For the present problem in
inclined rectangular channels, the analytical solution
is apparently impractical and one must resort to
numerical solution [2] for the coupled Navier-Stokes
and energy equations.

When one considers the free convection effect on
forced convection in inclined channels, one must dis-
tinguish between the cases of heating fluids flowing
upward and cooling fluids flowing downward and those
of heating with downflow and cooling with upflow.
Depending on the situations indicated above, the axial
component of the buoyancy force may coincide with
main flow or be opposite to it. When buoyancy forces
exist in the cross section normal to the main flow, a
secondary flow appears.

For the case of negative Rayleigh number corre-
sponding to the negative axial temperature gradient
which is usually referred to as the case of heating from
below, the thermal instability [4,6] may arise. The
instability problem is apparently outside the scope of
present study. Although this investigation is concerned
only with the buoyancy forces in gravitational field, the
inclination angle effect may also arise under various
situations involving buoyancy, centrifugal or Coriolis
forces in rotating field. Since the inclination angle effects
due to various body forces are similar, it is expected
that the present method of solution is also applicable
to a host of analogous problems involving other body
forces. ‘ ‘

2. ANALYSIS

Applying the usual assumptions of Boussinesq ap-
proximation, constant axial pressure gradient and
neglecting viscous dissipation, the governing equations
in rectangular coordinates (see Fig. 1) and the boundary
conditions for hydrodynamically and thermally fully

a/2 a/2
a =0

F16G. 1. Coordinate system for inclined
rectangular channel.

developed steady laminar upward flow in an inclined
rectangular channel subjected to a constant axial wall
temperature gradient become:

Continuity equation

cU oV
—+-—=0
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Momentum equations in X, Y and Z directions
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Energy equation

S N i
eX Y 14 X% oY?
Boundary conditions
U=V=W=T,—-T=0 atwall (6)

After eliminating the pressure terms between the
momentum equations in X and Y directions by cross-
differentiation, the governing equations in the dimen-
sionless form become:

Vorticity transport equation for secondary flow

) o8 o co
V2 = TS-FU'TC“R‘%R“*? (7)
ax cy cX

Stream function equation
Vi =¢ (8)
Axial momentum equation

cw ow

— 4+ Ra*0 9)

ax oy
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Energy equation

06 a0
Vi =Prlu—+v—)—w (10)
ox  dy
Boundary conditions
Yy=w=0=0 atwall (11)

Y = &= 00/0x = éw/Cx = 0 (symmetry) along vertical
centerline where
X=D)x, Y=Dy, U=(/Du, V=_(v/D.)o,
W= Reo(v/D,)w, T,—T = (ReyCD,Pr),
0T/0Z =C, A= —(3P/0Z+p,gsina),
Req = AD3/4pv?, Pr=v/k, Ra= gBCDZ/vx,
P = p(v/D,*p, Re= WD,/v= Re,w,
Re§ = Regcota, Ra* = Rasina, u = dy/éy
and v = —dy/dx (12)

It is seen that with the introduction of modified
Reynolds and Rayleigh numbers, Ref and Ra* the
inclination angle from the horizontal direction « does
not appear explicitly in the formulation. Noting that
sina and cot e approach 0 and <o respectively as a — 0°,
it is clear that the limiting case of horizontal channel
o = 0° must be excuded from the present formulation.
The number of independent parameters becomes three
in contrast to four for the earlier formulation [1, 2].

The expressions for the usual flow and heat-transfer
results, fRe and Nu, can be obtained in two alternative
forms by considering the normal wall gradients or
overall force and energy balance as

(fRe)1 = 2(dw/on)/W, (fRe); = (2/W)[1—(Ra*0/4)]
(Nu)y = — (@0/on),,/0,, (Nu), = w/46,. (13)

3. NUMERICAL SOLUTION

The three-point central difference formula is applied
to all the derivatives. As pointed out in [2], the com-
bination of boundary vorticity method and line iter-
ation method can be employed for the numerical
solution of the two coupled elliptic-type equations (7)
and (8). For this study, the ADI algorithm [8] is used
in solving equations (9) and (10). The iteration par-
ameter o used in the ADI method is the one based
on linear equation.

w = 4sin(n/2N)cos(n/2N) (14)

where N is the total number of nodal points in y
direction. The convergence criterion for the inner
iterations of & ¥, w and @ is defined as follows using
a dummy variable f.

g= LISV =fPULIGTI <107 (15)
i i

where n represents nth inner iteration. The outer
iterations are checked only for w and @ by the following
criterion.

g0 = Y|~ fPULIASTVI<107 (16)
Lj LJ

where k stands for kth outer iteration. Numerical
experiments reveal that the above decision procedure
(based on the use of average deviation of a variable
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from the previous iteration over the grid matrix) for
terminating the iterations gives reasonable accuracy for
such quantities as friction factor and Nusselt number.

Briefly, for given values of Pr, Re§ and Ra* the

numerical solution proceeds as follows:

1. Assign the initial values for w, v, w, 6, ¥ and &
Equations (7) and (8) are iterated until the con-
vergence criterion g; < 107* is satisfied.

2. By using the updated secondary flow velocity
components u and v, the axial momentum equa-
tion (9) is iterated until equation (15) is satisfied.

3. Perform the same iteration as step 2 for energy
equation (10). One complete outer iteration is thus
completed.

4. Repeat steps 1 to 3 until equation (16) is satisfied.

After obtaining a convergent solution, the flow and

heat-transfer results, fRe and Nu, are evaluated using
Simpson’s rule for numerical integration. The grid sizes
of M x N=10x 20, 16 x 16 and 8 x 32 are used for
y=1, 2 and 05, respectively. The accuracy of the
numerical solution can be assessed by comparing the
numerical results for fRe and Nu using two alternative
expressions. In the present study, the agreement be-
tween the two alternative results is excellent when Ra*
is small but the difference increases with the further
increase of Ra*. It is believed that with the grid size
of 10 x 20 for y = 1, for example, the numerical evalu-
ation of dw/0n and 86/0n at wall leads to some error.
Thus, one may conclude that with the grid sizes used in
this study, the numerical results from ( fRe), and (Nu),
are more accurate and will be used in the presentation
of results. The maximum deviation of ( fRe), and (Nu),
from (fRe), and (Nu),, respectively, is about 7 per cent
at the highest Ra* investigated. For the case of vertical
channels, the exact solution for the present problem is
given in [6] and is used in checking the convergence
and accuracy of the numerical solution. For the case
of vertical square channel, the Nusselt numbers from
this analysis agree excellently with the recalculated
values [9] for the results given in Table 3 of [6]. For
given values of y, Pr, Ra* and Re§, the computing
time required for a complete solution is generally less
than one minute on the IBM 360/67 system.

4. FLOW AND HEAT-TRANSFER RESULTS

In this study, the numerical calculations are carried
out for Prandtl number 5 only. The axial velocity and
temperature profiles along x = Oand y = 0-5 are shown
in Figs. 2 and 3, respectively, with Ra* as parameter
for Pr =15 and Re} = 500. The effect of Ra* on the
behavior of axial velocity profiles x = 0 is similar to
that of inclined tube case as shown in Fig. 2(a) of [2]
and can be explained similarly [2] by considering the
relative magnitude of the terms véw/dv and Ra*8 on
the RHS of axial momentum equation (9). In this con-
nection, the membrane analogy may be used in explain-
ing a back flow phenomenom. For the present case of
upward flow with heating, the term Ra*@ is positive
and the back flow may occur when the RHS of equa-
tion (9) becomes positive in some region as indicated
by the curves for Ra* = 10* in Fig. 2. At Ra* = 10*
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FI1G. 2. Effect of Ra* on axial velocity profile along x = 0
and y = 0-5fory = 1, Pr = 5 and Re¥ = 500.
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F1G. 3. Effect of Ra* on temperature profile along x =0
and y = 0-5 for y = 1, Pr = 5 and Re} = 500.

the back flow already appears and the temperature
profile is fairly uniform over the whole cross section.
For the cases Ref = 0, 5, 50, 100 and 500 with y =1,
2 and 0-5 considered in this study, the back flow is
found to occur when Ra* is between 7 x 10° and
8 x 10°. However, no attempt was made to determine
the exact values for Ra*.

In the vorticity transport equation (7) for secondary
flow, the driving term is the term involving 06/0x and
this term is seen to be very small in the core region
for the profile Ra* = 10* shown in Fig. 3. It is seen
that the secondary flow is rather weak at Ra* = 10*
Further insight may be obtained by inspecting the
streamline and isotherm patterns for y =1 and Pr =5
shown in Figs. 4 (a) and (b) for Re} = 100, Ra* = 10*
and Re} = 500, Ra* = 103, respectively. One notes that
Fig. 4(b) corresponds to the profiles Ra* = 10° shown
in Figs. 2 and 3. The maximum value of the stream
function at the eye of the vortices may be regarded to
represent the intensity of secondary flow. At Re§ = 100,
Ra* = 104, the intensity of the secondary flow is seen
to be considerably weaker than that at Re¥ = 500 and
Ra* = 10°. One also notes the different locations for
the eye of vortices and the maximum magnitude for 6.
This situation is similar to the difference between the
profiles for Ra* = 10* and 10 shown in Fig. 3. Thus,
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FiG. 4. Streamline and isotherm patterns for
(a) y =1, Pr =5, Re} = 100, Ra* = 10* and
(b)y =1, Pr = 5, Re§ = 500, Ra* = 10°.

itis well to note that Ra* does not necessarily represent
the buoyancy force effect. At very high values of Ra*,
the magnitudes of w and 6 become rather small and
this fact coupled with the back flow may be the cause
of numerical difficulty.

The friction factor and Nusselt number results are of
practical interest in design. For y = 1 and Pr =5, the
flow and heat-transfer results are shown in Figs. 5 and 6,
respectively, with Re§ as parameter. For inclined
channels, both the aiding buoyancy force and second-
ary flow effects exist and the interaction occurs. For a
given Red the product fRe is seen to increase with
Ra* and an asymptotic behavior seems to appear at
Ra* = 10*, Practically, the effect of Re} is seen to be
confined only to the range Ra* = 10°-10* and for a
given Ra* the product fRe decreases with the increase
of Ref which is a known fact. For Re¥ < 100, the effect
of Re* on friction factor result is apparently negligible.
On the other hand, with Ra* = 10%, the friction factor
result is seen to be independent of Ref.

From Fig. 6, one can see the effects of Red and Ra*
on Nusselt number. The effect of Re} on Nu is
negligible when Ref < 100. Furthermore, the effect of
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Re} on Nu is confined to the range 10 < Ra* < 6 x 10°,
With Ra* > 10%, the asymptotic behavior appears. As
noted earlier, the analytical results [6,9] are available
in the literature for the case of vertical square channel
Re¥ = 0 and are plotted in Fig. 6 for comparison. The
agreement is seen to be excellent.

In order to study the aspect ratio effect, flow and
heat-transfer results are shown in Figs. 7 and 8, re-
spectively, for Pr=35 and y =05, 2. The general
behavior is quite similar to that of y = 1. The results
show that the aspect ratio y == 0-5 (narrow and tall
channel) is superior to y = 2 (thin and flat channel)
from the viewpoint of both friction factor and heat
transfer rate under the same conditions. The expla-
nation for the behavior cannot be made readily since
the expressions for (fRe); and (Nu), for example,
involve dw/dn, W and 88/6n, 8, respectively. For narrow
and tall channels, one would expect greater free con-
vection effect from the side walls.

In the present formulation, the inclination angle
effect appears only implicitly through the parameters
Re} and Ra*. However, the present results may be
used to elucidate the inclination angle effect and the
derived results based on Fig. 6 are illustrated in Fig. 9
where the Nusselt number is plotted against inclination
angle o with Rey as parameter for y=1, Pr= 35 and
Ra = 10°. The effect of Re, on Nu—x relationship is
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F1G. 9. Nusselt number—inclination angle relationship with
Re, as parameter for y = 1, Pr = 5 and Ra = 10°.

seen to be qualitatively similar to that shown in Fig. 14
of [2] for the case of inclined circular tubes. Noting
that cot « — o0 as o — 0 for the parameter Re¥, one can
readily understand that the Nusselt number result is
not available near horizontal orientation depending on
the value of Re,. Figure 9 also shows that the in-
clination angle effect is considerably more significant
near the horizontal orientation o = 0° than that near
the vertical position & = 90°.

In view of the generalized nature of the present
formulation, it is desirable to present flow and heat-
transfer results for the case of inclined circular tubes
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using the parameters corresponding to Re} and Ra*.
For this purpose, the results from Figs. 2 and 3 of [10]
are transformed into those shown in Fig. 10 using the
parameters Ref, and Ra}.

For practical application in design, one may wish to
compute the Reynolds number, Re, corresponding to
given Re§ and Ra*. For this purpose the example cases
of Ref = 100 and 500 with Pr = 5and y = 05, 1, 2 are
illustrated in Fig. 11. It is found that the value of W is
rather insensitive with respect to Re¥ and 7.

CONCLUDING REMARKS

1. The present study shows that it is not required
to carry out the numerical solution for each inclined
angle in order to study the inclination angle effects.
The Nusselt number for fully developed flow conditions
is greatly influenced by the inclination angle effect and
Reg near the horizontal direction as shown in Fig. 9.
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2. The present numerical results for the limiting case
of vertical channels agree with the analytical results
[6,9] which in turn have been confirmed by exper-
imental results shown in Fig. 3 of [11] for ; = (+1. In
view of the agreement between theory [6] and exper-
iment [{1], and also the range of the experimental
data shown in Fig. 15 of [ 3]. one may also deduce that
the range of Ra* (0-10*) investigated is practical.

3. For higher Ra*, the question regarding the effect
of natural convection on stability of laminar flow arises.
The instability data and heat-transfer result in the
transition regime for combined free and forced con-
vection in inclined tubes or channels do not seem to
be available.
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CONVECTION MIXTE LAMINAIRE DANS DES CANAUX RECTANGULAIRES INCLINES

Reésume—On ¢tudie la convection mixte laminaire naturelle et forcée en régime établi avec écoulement
ascendant dans des canaux rectangulaires inclinés avec des conditions aux limites thermiques a flux
constant a la paroi ou a gradient pariétal de température constant. L’étude est faite a I'aide d’une méthode
numérique utilisant une formulation améliorée dans laquelle trois paramétres physiques indépendants
Pr, Re}, Ra*, apparaissent au lieu de quatre comme dans les expériences précédentes relatives i des
tubes circulaires inclinés. Les résultats numériques relatifs au coefficient de frottement et au nombre de
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Nusselt sont présentés pour Pr = 5 et pour des rapport de section y = 0,5-1-2. Les nouveaux paramétres

sont également utilisés pour corréler les résultats antérieurs dynamiques et thermiques pour les tubes

inclinés. On trouve que Yeffet de 'angle d’inclinaison est plus important autour de la position horizontale

et quil décroit lorsqu’on approche de la position verticale. Aux nombres de Rayleigh Ra* élevés, par

exemple Ra* = 10% pour y = 1 et Pr = 5, Pécoulement et le transfert de chaleur deviennent indépendants
de Ref et un comportement asymptotique apparait.

KOMBINIERTE FREIE UND ERZWUNGENE KONVEKTION IN GENEIGTEN,
RECHTECKIGEN KANALEN

Zusammenfassung — Es wird die voll ausgebildete, kombinierte freie und erzwungene laminare Konvektion
bei Aufwirtsstromung in geneigten, rechteckigen Kanilen untersucht mit der Grenzbedingung axial
einheitlichen Warmeflusses oder konstanten Wandtemperatur-Gradienten. Dafiir wird eine verbesserte
numerische Methode beniitzt, in der drei unabhéngige physikalische Parameter Pr, Re}, Ra* auftreten
anstelle von vier wie in den fritheren Untersuchungen an geneigten kreisformigen Rohren. Numerische
Ergebnisse fiir die Reibung und die Nusseit-Zahl werden angegeben fiir Pr = 5 und Langenverhdltnisse
y» =0,5; 1; 2. Die neuen Parameter werden auch herangezogen zu Korrelationen fritherer Ergebnisse
in geneigten Rohren. Der EinfluB des Neigungswinkels ist besonders stark in der Nidhe der horizontalen
Lage und nimmt ab mit zunehmender Senkrechtstellung. Bei Ra*, z.B. Ra* = 10* fir y =1, Pr=5,
werden die Ergebnisse fiir die Stromung und den Warmeiibergang unabhéngig von Ref. und es tritt
das asymptotische Verhalten auf.

COBMECTHAS CBOBOJHAS W BbIHYXIAEHHAS JIAMUHAPHAS
KOHBEKU KA B HAKJTOHHBIX KAHAJIAX [TPAMOYI'OJIBHOI'O CEHEHUA

Annorauust — T[10/IHOCTLIO pa3BUTAN M BbIHYXACHHAs JlaMUHApHas KOHBEKLIMs TPH BOCXOAAILEM
TeYEHUH B HAKJOHHBIX KaHajax MPsMOYIOJIBHOIO CEYEHUs [IPH TEIUIOBBIX MOTPAaHHUYHBIX YCIOBHAX
OJHOPOOHOTO BAOJIb OCH TIPHCTEHHOrO TEMOBOrO [OTOKA MIM NOCTOAHHOTO NPHCTEHHOro Ipa-
IMEHTa TEMIEPATyp M3ydaerCs ¢ MOMOLIbIO YHC/IeHHoro meroxaa. TlpumeHsieTcs WcnpabieHHas
GOpPMYSIMPOBKA, B KOTODPYHO BMECTO YeThIpeX He3aBHCHMBbIX (GH3UYECKHX MApPaMETPOB, HCMNOb-
3yeMbix B 0ojlee paHHMX MCCIENOBaHMAX 110 HAK/IOHHbIM TpyGaM KPYFJOro CeyeHMs, BXOART TPH
napamerpa Pr, Re,* u Ra*. Yucnosbie mauubie s kodbduuuerta Tpeusa M yucna Hyccenbta
APUBOAATCA NpU Pr=135 M OTHOWEHHUN XapakTepHslXx pa3mepos y = 0,5, 1,2. Hosble napamerpsl
MCHOJIb3YIOTCA TAKXKE IS KOPpe/sUMM paHee MONyYEHHbIX AaHHbIX 0151 TeYeHHH U TerioobMeHa B
HakJIOHHBbIX TpyDax. HaliaeHo, 4To BnusHHWE yria HakfioHa Hanbosee CUITbHO CKa3blBaeTCs B 00IaCTH
TOPU3OHTAJILHOM OPMEHTAUMH M YMEHBLIAETCSA MO NPAGIUKEHUH K BEPTHKAJILHOMY HaNpaBlICHHUIO.
[pu Gonee Bbicokux Ra*, Hanpumep, Ra* — 10%, y = 1, Pr =5 nauHbie N0 TEYEHUIO H TENNOOOMEHY
CTAHOBATCA HE 3aBUCHMBIMH OT Reo* M HAYMHAIOT NPOSIBAATL ACMMIITOTHYECKOE NTOBEACHHE.
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